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Neurons as Dynamical units

I Neurons represent the fundamental dynamical units of the nervous system
I The dynamics of neurons, like firing of action potentials, can be modeled as simple

dynamical systems like ODEs or maps

Figure: Two neurons connected by a synapse. (Powered by DALL-E 3)



Chialvo Map (Chialvo, 1995)

The two-dimensional neuron map is given by

xn+1 = x2
n e(yn�xn) + k0;

yn+1 = ayn � bxn + c :

I The state variables x and y represent the activation variable and recovery-like
variable,

I a; b; c and k0 are the system parameters,
I a < 1 is the time constant of recovery,
I b < 1 represents the activation dependence of the recovery process,
I c denotes the offset, and
I k0 is the time-independent additive perturbation.



A Typical Phase Portrait



Electromagnetic �ux

We describe the e�ects of electromagnetic �ux on the system of neurons with
memristors. The induction current due to electromagnetic �ux is given by

dq(� )
dt

=
dq(� )

d�
d�
dt

= M(� )
d�
dt

= kM(� )x:

I � : electromagnetic �ux across the neuron membranes,
I k: electromagnetic �ux coupling strength, &
I M(� ): memconductance of electromagnetic �ux controlled memristor.

We consider the following memconductance function:

M(� ) = � + 3�� 2:



Improved Chialvo map under electromagnetic �ux (Muni, Fatoyinbo, &
Ghosh, 2022)



Improved Chialvo map under electromagnetic �ux (Muni, Fatoyinbo, &
Ghosh, 2022)

Under the action of electromagnetic �ux, the system of Chialvo map is improved to the
following map:

xn+ 1 = x2
ne(yn� xn) + k0 + kxnM(� n);

yn+ 1 = ayn � bxn + c;

� n+ 1 = k1xn � k2� n;

making the system a three-dimensional smooth map. The new variables�; �; k1; k2

represent the electromagnetic �ux parameters.



Multistability



Bifurcation structures and antimonotonicity

Figure: Bifurcation diagram ofx with respect tok in panel (a). A maximal Lyapunov exponent
diagram is shown in panel (b).



Bifurcation structures and antimonotonicity

Figure: In (a) a stable �xed point is shown in thex � y � � phase space fora = 0:838. After a
supercritical Neimark-Sacker bifurcation, an attracting closed invariant curve is born as shown
in (b) at a = 0:841. A chaotic attractor is then formed whena is increased to 0:88.



Numerical bifurcation analysis

Table: Abbreviations of codimension-1 and codimension-2 bifurcations

Codimension-1
Saddle-node (fold) bifur-
cation

LP Neimerk-Sacker bifurca-
tion

NS

Period-doubling (�ip) bi-
furcation

PD

Codimension-2
Cusp CP Chenciner CH
Generalized �ip GPD Fold-Flip LPPD
Flip-Neimark-Sacker PDNS Fold-Neimark-Sacker LPNS
1:1 resonance R1 1:2 resonance R2
1:3 resonance R3 1:4 resonance R4



Numerical bifurcation analysis

(a) (b) (c)

Figure: (a) Codimension-1 bifurcation diagram withk as bifurcation parameter. (b)
Codimesion-2 bifurcation diagram in(k; c)-parameter plane. (c) Zoomed version of (b)



Bursting and spiking features



Ring-star network for multiple neurons

(a) (b)

Figure: (a) Ensemble of connected neurons. (Powered by DALL-E 3). (b) Ring-star network of
Chialvo neuron system.



Ring-star network for multiple neurons

I The mathematical model for the ring-star connected Chialvo neuron map under
electromagnetic �ux is de�ned as:

xm(n + 1) = xm(n)2eym(n)� xm(n) + k0 + kxm(n)M(� m(n))

+ � (xm(n) � x1(n)) +
�

2R

m+ RX

i = m� R

(xi (n) � xm(n)) ;

ym(n + 1) = aym(n) � bxm(n) + c;

� m(n + 1) = k1xm(n) � k2� m(n);



Ring-star network for multiple neurons

I The central node is further de�ned as

x1(n + 1) = x1(n)2e(y1(n)� x1(n)) + k0 + kx1(n)M(� 1(n))

+ �
NX

i = 1

(xi (n) � x1(n)) ;

y1(n + 1) = ay1(n) � bx1(n) + c;

� 1(n + 1) = k1x1(n) � k2� 1(n);

having the following boundary conditions:

xm+ N (n) = xm(n); (1)

ym+ N (n) = ym(n);

� m+ N (n) = � m(n):



Simulations



Simulations



Heterogeneous coupling strengths (Ghosh, Muni, & Fatoyinbo, 2023)



Heterogeneous coupling strengths (Ghosh, Muni, & Fatoyinbo, 2023)

Figure: The star and ring coupling strengths are denoted by� m and � m for each node
m = 1; : : : ; N respectively. Di�erent colors in the ring-star topology signify a range of
heterogeneous values of� m and � m.



Heterogeneous coupling strengths (Ghosh, Muni, & Fatoyinbo, 2023)

I We introduce heterogeneities to the coupling strengths� m(n) and � m(n) both in
space and time.

I In space, the heterogeneities are realized following the application of a noise source
with a uniform distribution given by

� m(n) = � 0 + D� � m;n
� ; (2)

� m(n) = � 0 + D� � m;n
� ; (3)

I Here� 0 and � 0 are the mean values of the coupling strengths� m and � m

respectively.
I We keep� 0 2 [� 0:01; 0:01] and � 0 2 [� 0:001; 0:001].
I The noise sources� � and � � for the corresponding coupling strengths are real

numbers randomly sampled from the uniform distribution[� 0:001; 0:001].
I Finally, theD's refer to the �noise intensity� which we restrict in the range[0; 0:1].



Heterogeneous coupling strengths (Ghosh, Muni, & Fatoyinbo, 2023)

I Heterogeneity in time is introduced by considering the network having time-varying
links depending on the two coupling probabilitiesP� and P� , which govern the
update of the coupling topology with each iterationn.

I The probability with which the central node is connected to all the peripheral
nodes at a particularn is denoted byP� .

I Likewise, the probability with which the peripheral nodes are connected to theirR
neighboring nodes is given byP� .

I We employ three metrics to analyse our model: (1)cross-correlation coe�cient,
(2) synchronization error, and (3) Sample entropy



Quantitative metrics

I The general de�nition of the cross-coe�cient denoted by� i;m is given by

� i;m =
h~xi (n)~xm(n)i

p
h(~xi (n))2ih(~xm(n))2i

: (4)

I The averaged cross-correlation coe�cientover all the units of the network is given
by,

� =
1

N � 1

NX

m= 1;m6= i

� i;m : (5)

I We use� 2;m, denoting the degree of correlation between the �rst peripheral node
of the ring-star network and all the other nodes, including the central node.

I The average is calculated over time with transient dynamics removed and
~x(n) = x(n) � h x(n)i .



Quantitative metrics

I The averagedsynchronization-errorfor the nodes in a system is given by

E =
1

N � 1

NX

m= 1;m6= 2

hjx2(n) � xm(n)ji ; (6)

I We again consider node numberN = 2 as the baseline.



Simulations

Figure: Coherent and solitary nodes giving rise to a two-clustered state.



simulations

Figure: Mostly synced in the coherent domain with two solitary nodes.


